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ABSTRACT

Exact dipole distributions in closed form are not known
for any explicitly-defined bodies in uniform translation under a free
surface. Exact dipole distributions are known for some special
families of bodies in uniform translation in an infinite fluid. One
of these families consists of the lenticular cylinders, which are of
interest in comnection with ships because they can have any preassigned
entrance angle. The exact and linearized dipole distributions generat-
ing lenticular cylinders in an infinite fluid are compared for various
values 6f a fuilness parameter. These dipole distributions are
approximations to the exact dipole distribution generating a (vertical)
ienticular cylinder in the presence of a free surface. Each of these
dipole distributions has a wave resistance, the wave resistance of the
linearized dipole distribution being Michell's wave resistance for the
lenticular cylinder. It is found that for practical values of a full-
ness parameter the two approximate dipole distributions are not very
close, and for Froude numbers around. .4 the wave resistances may
differ by as much as 40%. This difference is larger than the uncertainty
in the '"'measured" wave resistance, and it is proposed that experiments
be conducted to determine the relative merits of the two approximate
dipole distributions in predicting wave resistance. I1f Michell's dipole
distributicn for an arbitrary form is modified in an ad hoc but natural
way suggested by the results for lenticular cylinders, a comparison
with existing measured wave resistance can be carried out. Similar

remarks apply to the asymptotic behaviour of the wave resistance at

low speed.

ii
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TABLE OF NOMENCLATURE

= 4L
Ah c

w?
EIF

8

gC(X) =

cross sectional area of the cylinder

1/2 L/2

o(x)dx = - %Lr I 3(§)d§

-1/2 L/2

one half the width of the cylinder in the x-direction
(see Figure 2)

wave resistance coefficient

wave resistance coefficient of the dipole distribution
which represents the body exactly in an infinite fluid
(and related to fe(x))

wave resistance coefficient of Michell's dipole distri-
bution (and related to ge(x))

cylinder velocity

Froude number = c/ gL

coefficient of (1-4x2)ep in a power series expansion

of fe(x), see Equation (10)

27T
< %1 (¥)

Green's function
coefficient of (1-4x2)en in a power series expansion of
gc(x), see Equation (9)

gravitational acceleration

- Zr oM(x) = the cross sectional shape of the lenticular

cylinder
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h(x),

X,¥,2,

1/2

oo |

-1/2

a functicen proportional to a dipole distribution, such
1/2

that [
-1/2

h(x)dx = 1.

radius of the circle forming the cross section of the
lenticular cylinder

Figure 1.

an integer greater than zero such that mp (1
parameter defining the shape of the cylinder, see
Figure 2.

wave resistance

wave resistance of o
EIF

wave resistance of Oy

local radial coordinate, see Figure 8

fluid velocity

complex velocity po%ential

normalized rectangular coordinates, see Figure 1 and
Appendix B.

unnormalized rectangular coordinates

the x-coordinate of the mth singularity in ¢
Bessel function of the second kind, order zero
the z coordinate of the m'" singularity in ¢
local angular coordinate, see Figure 8

average half-beam of the shape, divided by the length,
ie., €= A/2L2

f((x)dx
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bipolar coordinate defined by Equations (1) ani (2)

th

strength of the m " discrete dipole source

bipolar coordinate defined by Equations (1) and (2)

-

density

dipole distribution; o(x) = (%)

dipole distribution which is exact in an infinite fluid
Michell's dipole distribution

velocity potential, see Appendix B

h

approximate § in the vicinity of the m® discrete dipole

source,
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1. INTRODUCTION

In 1898 J.H. lMichell published a paper entitled '"The Wave
Resistance of a Ship'", in which he gave a formula for the approximate
wave resistance of a thin ship[ll. It was found later[Z]’[3] by making
a formal expansion of the complete nonlinear problem in terms of a
small thickness parameter such as the beam, that Michell's formula
correctly predicts the leading term in the wave resistance. The formal
expansion procedure can be used to find higher-order approximations to
the solution of the exact nonlinear problem but the calculations are
complex and have never to our kncwledge been carried out for any ship
form,

Michell's result is obtained by linearizing the boundary
conditions on the ship and on the free surface. If we satisfy one of
these boundary conditions to a higher order than Michell did we will
obtain a new approximate solution to the exact nonlinear problem. This
new solution will agree with Michell (and hence be exact) to the first
nonvanishing order in the thickness parameter. The second “2zrms of
Michell's solution and the new solution will disagree and both are
presumably incorrect. When applied to any particular case one of these
solutions will be numerically more accurate than the other. It may be
that our solution is more accurate, in which case it would be useful.
We cannot prove that it is, but we do show that our solution has
desirable properties.

The problem cf satisfying the boundary condition on the ship
to higher order arises also in problems without free surface. 1In fact
the uniform flow past a lenticular cylinder in an infinite fluid is

known exactly. This exact solution and the corresponding linearized
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1. INTRODUCTION

In 1898 J.H. Michell published a paper entitled '"The Wave
Resistance of a Ship'", in which he gave a formula for the approximate
wave resistance of a thin ship[l]. It was found 1ater[2]’[3] by making
a formal expansion of the complete nonlinear problem in terms of a
small thickness parameter such as the beam, that Michell's formula
correctly predicts the leading term in the wave resistance. The formal
expansion procedure can be used to find higher-order approximations to
the solution of the exact nonlinear problem but the calculations are
complex and have never to our knowledge been carried out for any ship
form,

Michell's result is obtained by linearizing the boundary
conditions on the ship and on the free surface. If we satisfy one of
these boundary conditions to a higher order than Michell did we will
obtain a new approximate solution to the exact nonlinear problem. This
new solution will agree with Michell (and hence be exact) to the first
nonvanishing order in the thickness parameter. The s:cond terms of
Michell's solution and the new solution will disagree and both are
presumably incorrect. When applied to any particular case one of these
solutions will be numerically more accurate than the other. It may be
that our solution is more accurate, in which case it would be useful.
We cannot prove that it is, but we do show that our solution has
desirable properties.

The problem of satisfying the boundary condition on the ship
to higher order arises also in problems without free surface., 1In fact
the uniform flow past a lenticular cylinder in an infinite fluid is

known exactly. This exact solution and the corresponding linearized
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sclution are discussed in Section 2, particular attention being paid to
the exact and linearized dipole distributions generating these flows.

In Section 3 we use the results of Section 2 to construct a
new approximate solution to the problem of a vertical lenticular strut
in a uniform stream with free surface, This solution has the following
properties:

1) It agrees with Michell and is therefore correct to the
first nonvanishing order in the thickness parameter
(for any fixed Froude number).

2) 1t is correct to the first nonvanishing order as the Froude
number tends to zero (for any fixed thickness parameter),
Michell's solution does not have this property.

3y It is correct to the first nonvanishing order as the depth
of the observaticn point goes to infinity (for any fixed
Froude number and thickness parameter) Michell's solution
does not have this property.

Note that while the new solution has some properties not enjoyed
by Michell's it is not claimed to be correct to higher order in the thick-
ness parameter

In Section 4 we compute a new wave resistance for vertical
lenticular struts using the new approximate solution of the flow problem.
The values of wave resistance obtained by the two methods differ by as
much as 407% for realistic values of the thickness parameter and for
Froude numbers around .4 This difference is larger than the uncertainty

in experimentally determined wave resistance, and it is proposed that
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cxperiments be carried out to determine the relative merits of the two
approximations for predicting wave resistance., It is also shown that
the new approximation leads to a different low-speed asymptotic behaviour

for the wave resistance.
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2, SHAPE vs. DIPOLE DISTRIBUTION FOR A LENTICULAR CYLINDER IN AN INFINITE

FLUID

In an infinite fluid the cross-sectional shape ge(x) of the
infinite cylinder gives the linearized dipole* distribution - f% ge(x).
The fullness parameter ¢ is the average half-beam of the form dividéd.by
its length. The exact dipole distribution generating this shape is defined
to be - f% fe(x)e For thin bodies we expect ge(x)’“fe(x), in accordance
with linearized theory. Since the cylinder and the fluid are assumed to
be infinite, the dipole distribution is independent of the §-coordinate,
see Figure 1, and we can confine our discussion to the two-dimensional
problem in the Xz-plane, see Figures 2A, 2B.

Let us introduce the bipolar coordinates £, 7;

A a sinh 7
& * ¥ Tosh 1 - cosk
(2) '% = a sin E

cosh 1 - COSE

The shape of the lenticular cylinder (formed by the intersection
of two circular cylinders) is given by ¢ = go = %} . The complex potential
w for such a cylinder moving in the negative %-direction with velocity ¢

(or for a stationary cylinder in a uniform stream moving in the positive

%-direction with velocity c) is given by[al

(3) w o= ica(% cot é - cot é)

where 7 = £ + in. The velocity potential is

* Dipoles in an infinite fluid, without free surface.
#+ Relationshipa between normaiized and unnormalized quantities are given
in Appendix B
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2y
A sinh —
@  p=cal . P - %, 2a= L.

The parameter p is related to ¢ by

(5) ¢ = 7(2-p) g sin pr _ AZ

8 sin %F 2L
where A is the cross sectional area of the cylinder. Figure 3 shows ¢
vs. p for 1 < p < 2. For a circular cylinder p =1 and ¢ = % ; for a
strip p =2 and ¢ = 0. For p < 1 the shape of the cylinder is shown in
Figure 2B,

If 0 < p < 1 we will call the cylinder a supercircular cylinder,
and if 1 < p < 2 we will call it a subcircular cylinder. For a subcircular
cylinder the dipole distribution is confined to the x-axis (or the Xy-plane
in three dimensions), while for p ¢ 1 there are additional discrete
dipoles on the z-axis (i.e., lines of dipoles passing through the z-axis
parallel to the y-axis). 1In the rest of this section we discuss only sub-
circular cylinders, 1 < p < 2; supercircular cylinders are discussed in
Appendix C.

The function fe(x) is related to § by

6y &£

Using Eq. (4) and the relationship between normalized and unnormalized

df _(x) |
=c /3 IxX[gy -

z=0+

potentials (see Appendix B) we find

- 2540 (1_4x2)2/p
(N () O =" £ 7
(1+2x)4/p+(l-2x)4/p-2(l-4x )z/pcos 2r

P
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rid the shione Ls given by
: = 1 ol PT 2 r
(5} ge(x) =5 ( Jg;c - 4x~ 4+ cot %r)
*
For small e we can express fe(x) and ge(x) as a power series
in €,
$) e(x) = (1-éxY) X G (x)"
N n=1
(10) £ (x) = (1-4x") Z F_(x)<"
n=1

where from Equations (5), (7), and (8), we find

= = 3
Gp=F1 773
G, =0

. 18 1-2x
FZ = —77-’— (1 + xln(m;)]

ctc

Thus if ¢ » 0 (p » 2) we see that (ge(x) - fe(x)] + 0 for
fixed x, since G, = F;. The functions ge(x) and fe(x) are shown in
Figures 4-7 for ¢ = ,025, .05, .1, and .3 . The fractional difference

of the two functions is, for fixed x and small ¢

b

g (x) - £ (x) 12 1-2
o€ R = E DLk x In(gg ) e+ oo

* The validity of such an expansion is examined in Appendix A.
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vhich becomes infinite for x = . 1/2, no matter how small ¢ may be. The

beliaviow: of the functioas at x = L 1/2 is also quite different:

- 2 .2 2/p _. 1
(1) fe(x)ﬂl - ;;775 si 5 (1rd) as B = x x>0

(12) g ()~ - £ con BT . [r5)

The difiecrence is eppavent in Figures 4-7,
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3. A NEW APPROXIMATE FREE-SURFACE FLOW PAST A VERTICAL LENTICULAR CYLINDER

Suppose a lenticular cylinder is placed upright, as shown in
Figure 1, in a uniform flow with linearized free surface. The dipole
distribution* generating the resulting mathematically well-defined flow
is unfortunately not known. The approximate flow proposed by Miche11[1]

and others is the one generated by the dipole distribution

(13) (X)) = - 5= g (x) for Ixl<%,y>0

where
2(x,3) = * g_(x)

is the equation of the lenticular cylinder. That this is the first non-
vanishing term in an expansion of the exact nonlinear solution in powers

1
of ¢ was assumed by Michell and verified formally by Stoker and Peters[z‘

[3]

and Wehausen We propose the approximate flow generated by the dipole

distribution

(14)  opp = - 3= £.(x) for Ix1 <5, v20.

* We have adopted the convention v =+ grad § , so that
-1/2
G(x,y,z;x‘,y',z‘)=[(x-x')2+(y-y')2+(z-z')2] + regular function
is the velocity potential at x,y,z of a unit sink at x',y',z' in a uniform

stream under a free surface, and - %%T is the potential of a unit

x-directed dipole

** Dipoles satisfyingthe linearized free surface condition.
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To the first nonvanishing term in ¢ we have
{15) 9 = g IF

as we see from Eq. (13), (14) and Eq. (9), (10) et seq. Also, CEIF(X)
is exact in an infinite fluid, as suggesied by the subscript EIF, in

the sense that asymptotically for large y it generates the exact two-
dimensional flow past the lenticular cylinder. Asymptotically for large
y oy generates the linearized two-dimensional flow past the lenticular
cyiinder.

Finally, if the Froude number f tends to zero, for any fixed
value of the thickness parameter ¢, the flow defined by OpIF approaches,
for y » 6, the exact two-dimensional flow past the lenticular cylinder,
the positive images required to satisfy the limiting boundary condition
g§ = 0 peing supplied by the free-surface dipole potential. Thus the
new approximate scliution to the mathematically well-defined problem of
a lenticular strut in a uniform flow with linearized free surface_
coudition has advantages nct enjcyed by Michell®s solution to the same
prcblem  The suitability c¢f this model for analyzing full forms may be
questicned, since for finite Froude number full forms are inconsistent
with small waves On the cother hand the new solution becomes exact for
low Froude numbers Asymptotics aside, the practical value of the new
sclution wiil be determined by the accuracy of its numerical predictions

for practical fcrms operating at practical Froude numbers
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4 A NEW _AFFROXIMATE WAVE RESISTANCE FOR A VERTICAL LENTICULAR CYLINDER

Suppose we have a dipole distribution 3(%) on the region

Ixf < L/2Z, § > 0. Within the mathematically well-defined theory of flows

catisfying the linearized free surface condition the wave resistance of

e oI5
thi- dipole distribution is given exactly by
1/2 1/2
~ 2 2 7 ’ ] )
(.6 R = 81" oF { f c&x)s(x‘)Yo(le'x'i)dx dx'
-1f2 -1/2
whsre
W(x) = Q(XL),
p 135 the denzity of the fiuid,
£ o= g% , £ = 1/ F = Froude rumber ,
C
Y 135 the pessel function of the second kind, order zero .
. A
ir we ret ixy = - 2(.;_ 2% h(x?,
where
172 1/2
4 i = 1 == :.t_LL f ~(x)
| hyx? dx=1  and Ah < c(x}dx
e 1/2

we can introduce a wave resistance coefficient

1/2 1/2
(L7) C. = 4 ) j{ h(x)h\x‘)Yo(F'x—x")dx dx’
1/2 -1/2

in term= of which the wave reszistance becomes

TECHNICAL RESEARCH GROUP
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if gs(x) defines the shape of a subcircular lenticular cylinder,

rhen Michell's approximate dipocle distribution is

{1¢% 7M(x} = - 5% ge(x) for |x[ < % , ¥ > 0, (see Equation (13)),

A
and Michell's wave resistance R% for the lenticular cylinder is obtained
by substituting oM(x) for o(x) in Equation (16). For comparison we

propose the dipole distribution

s . S *
(20 Prp K = - f% f€(x) for \x\ < % , ¥y >0

AEIF

and the ccrresponding wave resistance R.w obtained by substituting

HFLF(X) for o(x) in Eguation (16). The properties of the dipole distri-

puticn “ELF and the corresponding flow were discussed in Section 3.

A A :
We nuw ccmpare Rx with RSIF Since the two dipole distributions and

™M
SRR assoclated with a given lenticular cylinder will have different

values cf Ay ( or *h), we cannot ccmpare the values of Cw’ but we must

¢ npare  values of cg (see Equation (18)), which is done in

C
W
Figures 8 - 10

For Michell's dipole distribution we have

EIF means Exact in an Infinite Fluid
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1/2
F e S 2 i
T L L O ]
-1/2 g
while for OEIF(X) we have
1/2
1 1
=Tt ) £.(0dx,  ho - me £
-1/2
The graphs show eécg and e%C&IF vs. the Froude number f for cylinders

with p = 1.905, 1.812, and 1.635. The e defined in Equation (5) is €g>

and

2
(21) eg = €g - % €f +

Since 2L2€g is the cross-sectional area of the lenticular cylinder, while

n
ZLLef is the dipole momunt of the distribution the relation

9EIF’
o €T % e%+-a- indicates that for small €y the dipole moment exceeds
the voiume. This is also true for a circular cylinder [e =7/8, €f=v/4]“
These results are examples of a theorem of Landweber and Yih[G], which
states that added mass + buoyancy = 2%2 |uipole moment]; since the
buoyancy is the density times the volume, and the added mass is positive,
the dipole wmoment always exceeds the volume. It follows that the
volumetric portion of the discrepancy, contained in €¢ and ¢ , is always
in the same direction. Michell's theory tends to underestimate the wave
resistance because it undercestimates the volume. Over most of the Froude
rnumber range in Figures 8-10 the portion of the discrepancy contained in
the Cw's is n _uc same direction.

Figures 8-10 reveal a considerable difference in the values of

wave resistance computed by the two methods. This difference is discussed

TECHNICAL RESEARCH GROUFP
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AEIF
further below, We close this section by remarking that EIF has the
following property which fellows from statements made in Section 3: To

the first nenvanishing term in ¢ we have, for fixed Froude number,

Ry = RO

and both are correct to this cocrder. For fixed ¢ we would like to conclude

that to the first nonvanishing term in the Froude number £, as £ » O,
AEIF . M, q

R, 1s correct while R, 1is not, since opqp and O have the analogous
properties. We have not been able to supply a derivation, since certain
apparently necessary information about the manner in which ORIF becomes

exact, as f » 0, is not known to us. However, we can compare the

A
asymptotic expansicns of RM

and ﬁEIF as £ » 0, namely
W W

> M 1 2 8f 4 2
(23) Rw:v-z pc L eg T3 tan %?
8/p 2
2 r(l+ <)
, AEIF 1 2 2 8f - 2 2
(2‘*) Rw ~ 2' pc L - cf —TT— ° V*rr ———— '2-— sin —p;

I‘(7+3

7
These asymptotic expansions are found by methods used in[ ] and described

alsc in [3]. We can see that Equations{23) and (24) are different, but

decreasingly so as ¢ > 0 (p » 2). In fact if we let p = 2 (1-9), n > O,
and expand, Equationsg(23) and (24) both yield

2 2 4
2 2
(25) % pch . %3 n o §§’ % (mn)

There is nothing to be gained by comparing Equations (23) and (24) since

both are inadequate for practical Froude numbers. However, one can find the

oscillatory terms which come next in the asymptotic expansions, at which

point a comparison will provide valuable information.
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5. CONCLUSIONS

1 =_2JI =—ﬁ
Figures 4, 5, 6, and 7 compare f€ = BIF and Be = Oy

for a lenticular cylinder. Figures 4 and 5 are the most important from
a practical point of view since practical values of ¢ (based on waterplane
section) are in the range .025-.050*. The discrepancy in this range can
be characterized as follows:
a) In the central 80% of the form fe(x) is larger tﬁan ge(x),
the discrepancy being maximum at the center. The integrals
are related as in Equation (21). :
b) Near the ends fe(x) vanishes to a different ﬁrder than
ge(x), as shown in quations (11) and (12).
Figures 8, 9, and i@ compare the wave resistance of o

. EIF
oM(x). Figures 8 and 9 are the most interesting from a practical point

(x) and

of view. The numbers were computed using a digital computer program

whose accuracy decreases with Froude number, and for that reason no

results are presented for £ ¢ .3 . The discrepancy in wave resistance is
not small compared to typical discrepancies between calculated and measured
wave resistance, and is large compared to the uncertainty in measured wave
resistance. The discrepancy appears to change sign as a function of

Froude number. It would be interesting to test lenticular ship models and
compare measured wave resistance with the wave resistances of oM(x) and
OEIF(x)**. It would be significant and useful if a consistently.better

agreement were found using OEIF(X)'

* Typical values of ¢ are .04 for a destroyer, .048 for a tanker, based
on the waterplane section.

**% All modified for finite draft.

TECHNICAL RESEARCH GROUP




5-2
The results derived above for a sbecial class of forms can be
used to construct new dipole distributions for general forms having a
finite entrance angle. This can be done at each depth in an ad hoc

e(y) OV /Be(y) &

where e(y) defines the lenticular cylinder having the same entrance angle

fashion by multiplying Michell's dipole distribution by £

as the given form at the depth y. This modification, if applied to forms
for which model resistance data are already available, would make possible
the evaluation of a potential improvement in wave resistance calculation
procedures without performing additional model tests,

Oy and ORI predict different asymptotic behaviour of the wave
resistance at low speed. It would be interesting to conduct model tests
on lenticular struts to evaluate the relative merits of the two theories.
lHowever, if we assume that the behaviour of the dipole density at bow
and stern at the surface is the same, for an arbitrary form, as for a
lenticular cylinder having the same included angle, then the low-speed
asymptotic behaviour, which depends only on certain derivatives evaluated
at the bow and stern at the surface ([3], [7]), is casily derived in
cither theory, allowing comparison of the theories with existing
experimental results

Incidentally, it can be seen that Opyp Cannot be used indis-
criminately since it predicts infinite wave resistance for a vertical
circular cylinder. The theoretical implications of this divergence
are being studied. The possibilities of practical application of both
oM and Op1F Are presumably limited to bodies which more nearly resemble

a ship than a verticle circular cylinder does.
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APPENDIX A

CONVERGENCE OF THE SERIES FOR ge(x) and fe(x) AS FUNCTIONS OF €

If we let p = 2-s, then from Equation (5)

(A-1) - Sw - sin st
8 sin2 %F

™

2
51+t o]

For thin cylinders, when 2 > p > 1, we have 0 < s < 1, and
0 ¢ e <n/8.

Let us now regard s as a complex variable. The function
csc %? has simple poles at s = 0, ¥ 2, T 4, ... but at s = 0 we have

¢ = 0; thus ¢ is an analytic function of s for |s} < 1, the region we

are interested in

Now consider g_(x).

(A-2) g (x) = % ( ‘/cot2 %F-+ 1 - 4x2 - cot %F)
The furction cot %; has simple poles at s = 0, t 2, -.., but
at s = 0 we have ge(x) = 0. The square root v/cot:2 E? + 1 - sz
TS
has a branch point when s = S where cot:2 —72 = - (1-4x2), or
s, = 1+ 2n + % Arctan (1 V 1-4x" ), n =0, 1, 2,

Thus |so|2 1, and g _(x) is an analytic function of s for

Islc 1
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Ncw ccnsider £ (x) Let R = %%%% , then

zlm sin %ﬂF
(a3} £ (x) = —a By
ccsh LZTE In Rl-cocs o=

The dencminator c¢f Eq. (A-3) becomes zero when s = Sy, and

w{1%+ 2n) - i In R
1= e n=206, 1, 2

(Y]

Thus |s;! > 1, and f_(x) is an analytic function of s for

[G]
-

Therefore, both gr(x) and f _(x) can be expressed as a convergent
pewer series in s for 0 (5 < 1,

Fer s = 0, -+ 0, 5 and : are linearly related (see Equation (A-1)),
and hence if a convergent power series expansion exists in powers of s, such

an expansion aiso exists in powers of
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APPENDIX B

RELATIONS BETWEEN NORMALIZED AND UNNORMALIZED QUANTITIES

Let %C(Q) define a lenticular cylinder of length L via
A A
2 =1 g (x),

where <L is average half-beam. If we let z = zL, § = yL, x = xL and

define ge(x) = Lm1§€(xL) we find
z =% g (x)

as the normalized form of the lenticular cylinder. 1If
A A
ﬁe(x,g) + cx

is the total potential describing a uniform flow past a lenticular
A
cylinder in unnormalized coordinates, and if we let ﬁe(xL, zL) = ﬁe(x,z)

we find that the total normalized potential is

ﬁﬁ(x,z) + cLx.

The linearized relation

3 (ko4 A @
p (x,0d) - dg (x)

oy - ¢TI
becomes
3 (x,0 1) dg_(x)
€ =+ ¢ €
Sz = dx

in normalized coordinates Since the dipole density is
A
Aa
1 x Bﬁp(x,o+) A
- = / — 5 dx we have the following linearized relations:

L
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A A
Unnormalized dipole density = - 5# ge(x)

Normalized dipole density = - f% ge(x)

For completeness we note that the free surface condition in

normalized coordinates is

g—g=F§é,(y=0)

ox y

where F =

Onde
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APPENDIX C.

SUPERCIRCULAR CYLINDERS, 0 < p <1

Consider the velocity potential 2 as given by Equation (4):
2 becomes infinite whenever n = O and £ = mpy, wherem = 1, 2, 3,
Since in the region of interest, 2 > 0, we must have 0 ¢ € < 7, the
restriction on m is
(C-1) mp < 1.
Therefore, for p>l (subcircular cylinders) no m satisfies Equation (C-1).
For supercircular cylinders, p = Py < 1, there are m singularities in §,
where m is the largest integer satisfying the equation m ¢ l/p0°

The rectangular coordinates corresponding to 7 = 0 and
£ = mpr arc

A

x =20

m

(C-2)

N>

- 4 sin mprw
m -cos mpmT

Note that the point (O,Qm) for m > 1 is inside the cylinder becausec
£ = mpr > Eo = %; .
Let us define local polar coordinates r, a with origin at
(0, Qm), sec Figure 11. As n > 0 and £ »> mpr Equation (4) can be written
as
A

(C-3) p_ -~ 2ca 0
" w2+(mpv-E52

which in terms of r and a for r << 1 becomes
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c-2

cosa
(C-4) B >, 92
where
2 2
(C-5) g
Hm I-cos mpr

Equation (C-4) is the potential due to a line dipole source.
For p = 1 (circular cylinder) m = 1 and p, = ca2, z, = 0, which just
expresses the well known fact that a circular cylinder of radius a can be
generated in a uniform flow with velocity ¢ by a dipole distribution of
strength Ky = ca2 on the axis of the cylinder.

Thus for p < 1 in addition to any dipole density - f% fe(x)
on the x-axis we also have discrete dipole sources of strength Hey 2t
(0, zm)° As p decreases, z, for a given m increases, and so does T
also new discrete dipoles are created at the origin as p decreases
(whenever p = % for some m), which then split and move away from the
origin in the negative and positive z-directions as p decreases further,

So far we have kept the length 2a constant, which means that
the circles forming the cross section increase as p » 0. Now let us

keep the radius k of the circles constant, in which case 2a decreases

as p~ 0,
(C-6) a=ksin 5L

Equations (C-2) and (C-5) become

A sin %F sin mpr
(C-7) Zm 2 l-cos mpw

2 sin2 %F

(€8 uy = 2K To5s mpr
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c-3

If we now let p » 0 while k remains constant, the circles

become tangent at the origin, and there is an infinite number of discrete

dipoles on the z-axis at

(c-9)

N>
"
BlI=
8
I
[
N
w

of strength
2
(C-10) = ck,
m

Note that z  never exceeds k, and the strength of the dipoles

near the origin approaches zero.
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